A NOTE ON AFFINE QUOTIENTS AND EQUIVARIANT DOUBLE 

FIBRATIONS 



Abstract. We consider two linear algebraic groups G and G over the field of complex 
numbers, both of which are reductive. Take a finite dimensional rational representation 



W of G x G'. Let Y = W//G := SpecC[W] G and X = W//G 1 := SpecC[W] G ' be the 



affine quotients. Since the action of G and G' commutes on W, the quotient space X 
(respectively Y) naturally inherits the action of G (respectively G'). 

In this note, we study the interrelation between the orbit structures ofX/G and Y/G' . 
In a good situation, we can embed Y/G' into X/G, and the embedding map 9 preserves 
important properties such as the closure relation and nilpotency. We give a sufficient 
condition for the existence of such embedding, and provide many examples arising from 
the natural representations of classical groups. 

As an application we consider the geometric problem of unimodular congruence classes 
of bilinear forms proposed by Bokovic-Sekiguchi-Zhao. 
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Introduction 

Let us consider two linear algebraic groups G and G' over the field of complex numbers, 
both of which are reductive. Take a finite dimensional rational representation W of G x G' . 
The affine quotient of W by the action of G is denoted by Y = W//G := SpecCfW 7 ] 6 ', 
and similarly X = W//G' : = SpecC[W] G ', where C[W] is the ring of regular functions 
on W, and the superscript of G denotes the subring of G-invariants. Since the action of 
G and G' commutes on W, the quotient space X (respectively Y) naturally inherits the 
action of G (respectively G'). 

In this note, we study the interrelation between the orbit structures of X/G and Y/G' . 
In a good situation, we can embed Y/G' into X/G, and the embedding map 9 preserves 
important properties such as the closure relation and nilpotency. We give a sufficient 
condition for the existence of such embedding. Let us briefly explain the condition. 

Let cp : W — > X and ip : W — > Y be the quotient maps. Then 91 = ip~ l (ip{Q)) is called 
the null cone (for the action of G). We assume the pair (G, G') and the representation W 
satisfy the following. 

Assumption A. (a) The quotient map ip : W —>■ Y is flat. This means the regular 
function ring C[W] is flat over C[W] G . 

(b) There exists an open dense G-orbit in < Xt. 

(c) The null cone 9t is isomorphic to the scheme theoretic fiber W Xy {0} ; i.e., the fiber 
product W Xy {0} is reduced. 

(d) A generic fiber of the quotient map <p : W — > X is a single (hence closed) G' -orbit. 

(e) Let W° be the union of closed G '-orbits O' in W such that <£-%(£>')) = O' . Then, 
for any y EY , the fiber ip~ l (y) intersects W° non-trivially. 

Our main theorem, which is proved in §|2J is the following. 

Theorem B. Let us assume Assumption\A\ holds. For any G' -orbit O' in Y, there exists 
a G-orbit O in X such that ^(^^(Q')) = O holds. Thus we have a map 9 : Y/G' — > X/G 
which sends O' to O. The lifting map 9 is injective and preserves the closure relation. 
If O' C Y is a nilpotent orbit, then O = 9(0') is also nilpotent. Moreover, we have 
O ~ (W x Y W)//G'. 

Let us summarize the brief history of the above theorem. The statement of the the- 
orem is primitively noticed by early works of Roger Howe, and then clearly stated by 
Przebinda et al. for complex nilpotent orbits of reductive dual pairs (see e.g., [1], [2]). 
Recently, Daszkiewicz-Kraskiewicz-Przebinda [3], Ohta [12] and Nishiyama-Ochiai-Zhu 
[TP] extend the lifting map to the case of symmetric pairs arising from dual pairs of 
real reductive groups, but still only for the nilpotent orbits. By private communication 
(cf. P2]), T. Ohta made me aware the fact that the orbits other than nilpotent ones are 
also in correspondence. In fact our proof of the lifting map in [10J is applicable to all 
orbits without restriction, because of the geometric nature of the proof (see also [9J). In 
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this paper, we extend the correspondence to the general framework which is independent 
of the notion of dual pairs. 

In £j3l we provide many examples which satisfy Assumption |A] The examples cover the 
cases in which W is the tensor product of the natural representations of classical groups, 
and also it contains several cases of contractive actions of the general linear groups. 
Although most of the cases are already obtained from the theory of dual pairs, two types 
of the lifting maps are newly found (see Theorems 13.41 and 13. 7j) . 

One of the new examples is strongly related to the SL(m, C) action on the space of 
m x m-matrices M m (C); 

A^gA'g (g G SL(m, C), A G M m (C)), (0.1) 

which is studied by D. Z. Bokovic, J. Sekiguchi and K. Zhao [1]; also the structure of the 
orbit space is being studied by H. Ochiai recently. 

Our theory tells that the orbit space M m (C)/SL(m, C) can be embedded into the orbit 
space of the affine cone of the Grassmann variety G^(V © V*) with GL(V r )-action. 

Theorem C. There is an embedding map 

6 : M m (C)/SL(m, C) -> G*(V © V*)/GL(V), (0.2) 

which preserves the closure relation, and carries nilpotent orbits to nilpotent ones. The 
image of the trivial orbit O 1 = #({0}) is a spherical variety, and its closure in G^(VQ)V*) 
is normal. 

In §HJ we have another embedding arising from the decomposition of the full matrix 
space into symmetric ones and skew-symmetric ones. 

Finally, we would like to propose some natural problems. 

Problem D. (1) Find a pair (G,G) and a representation W satisfying Assumption IA1 
for which one of the pair is an exceptional group. 

(2) Consider irreducible representations V of G and U of G . Classify all the pairs (V, U) 
for which W = V © U satisfies Assumption |A] 

(3) Consider irreducible representations V of G — GL(n, C) and U of G. Classify all the 
pairs (V, U) for which W = (V © V*) © U satisfies Assumption [A] 

(4) Give a complete description of the lifting map 6 in a combinatorial way. 

(5) Find a representation theoretic interpretation of the lifting map 9. In the case of 
the liftings arising from dual pairs, it is provided by the theta correspondence (or Howe 
correspondence). See [1] and [IT] . 

(6) Find the relation between the singularity of O' and that of O, where O = 9(0') is the 
lifted orbit. 

The author thanks Ralph Bremigan for useful discussion and for pointing out the ref- 
erence [T5] . 
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1. Preliminaries 

In this section, we summarize definitions and well known facts on affine quotient maps. 

Let X be an affme variety on which a reductive algebraic group G acts rationally. We 
denote the affine coordinate ring (or ring of regular functions) on X by C[X]. Then G 
naturally acts on C[X] via the formula 

g-f(x) = f(g- 1 -x) (f(x)eC[X],geG). 

We denote the ring of G-invariants in C[X] by C[X] G . The affine quotient X//G of X by 
the action of G is defined to be 

X//G= SpecCLY] G . 

The affine variety X//G is often called the categorical quotient in the literature. The 
inclusion map C[X] G "—>■ C[X] induces a quotient morphism (p : X — > X//G, which has 
the following properties. 

Lemma 1.1. Let ip : X — > X//G be an affine quotient map. 

(1) For any y G X//G, the fiber ip~ 1 (y) is a G-stable closed subvariety of X , and it 
contains a unique closed G-orbit. 

(2) Let Z C X be a G-stable closed subvariety. Then the restriction cp\ z : Z — > <p(Z) C 
X//G is an affine quotient map, and consequently <f(Z) ~ Z//G. 

If we make a closed point y G X//G correspond to the unique closed G-orbit in the 
fiber ip~ l {y) C X, we have a bijection between X//G and the set of all closed G-orbits in 
X. In this sense, X//G only classifies closed G-orbits in X. 

In the following, we give three basic examples of affine quotient maps which will play 
important roles in the subsequent sections. 

1.1. Special linear group. Let V = C n be a vector space on which G = SL(n,C) acts 
naturally as the matrix multiplication. Take an another vector space U = C m and put 
W = V ® U. G acts on W in the first component. If we identify W with the space of 
n x m-matrices over C, which we denote by M njm , then the action is given by the matrix 
multiplication on the left. 

Let us assume that n < m and identify W = M n m . Then the ring of G-invariants 
CjW] is generated by all n x n- minors, which have the Pliicker relations. It is well 
known that there is no other relation among them (see, e.g., Theorem 3.1.6 in |8]), and 
we can identify the quotient W//G with the affine cone of the Grassmannian variety 
of n-dimensional subspaces in U. We denote it by G^(U). The affine quotient map 
ip : W = M n>m — > G^(U) is interpreted as follows. By the Pliicker embedding, we 
consider G^(U) as the closed subvariety of /\ n U . Under this identification, the quotient 
map ip sends A G M nm to the exterior product of its rows. Thus, if rank A < n, then 

(p(A) = e f\ n U. 
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If n > m, then the only G-invariants in C[W] are scalars. So we have W//G = {*} (one 
point). 

1.2. General linear group. Let V = C ra be a natural (or defining) representation of 
GL(n, C). Take another vector spaces U + = C p and U~ = C q , and put W = V © U + © 
V™©?/ - , where V™ denotes the contragredient representation of V. G acts on W naturally 
in the first components. We identify W with Horn (U + *, V) © Horn (V, U~). 

If n > p, q, then it is easy to see that W//G = U + © U~ . The quotient map ip is given 

by 

if : W ~ Horn (?/+*, 1/) © Horn (V, Z7 _ ) 3(f,g)*-+gof 

e Horn (C/+*, C/~) ~ £/+©[/-. ( L i) 

Let us consider the case where n < ma.x{p, q}. In this case, we have 

W//G = Det n (U + ®U~), 

where Det n (U + © U~) denotes the determinantal variety of rank n, which is isomorphic 
to 

{/ E Horn (U + \ U~) | rank f < n} 

under the identification Horn (U + *, U~) ~ U + © U~ . The quotient map is essentially the 
same as in (11.11) . 

1.3. Quadratic space. Let V = C n be a vector space with a non-degenerate bilinear 
form, which we assume symmetric or skew-symmetric. We denote by G the group of 
isometries on V so that G is an orthogonal group 0(n, C) or a symplectic group Sp(n, C) 
according as the form is symmetric or skew- symmetric. Note that n is necessarily even 
in the skew-symmetric case since the bilinear form is non-degenerate. Take an another 
vector space U = C m and put W = V © U . 

Let us first consider the symmetric case, hence G = 0(n, C). 

If n > m, then the quotient W//G is isomorphic to the symmetric tensor product 
Sym(i7) in U © U. Let us identify Sym(f7) with {h e Horn (U*,U) \ f h = h}, where f h 
denotes the transpose of h. For / e Horn (V*, U) ~ W, the image of the quotient map (p 
is given by 

(p(f) : U* — ^— > V -V* — S —+ U, 

where the isomorphism V ~ V* is induced by the symmetric bilinear form. It is easy to 
see that (p(f) belongs to Sym({7). 

If n < m, the above image <p(f) belongs to 

Sym n (U) := Sym(U) PI Det n (£7 © [/), 

and we have W//G = Sym n (L r ). 
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The skew-symmetric case is similar. If n > to, we have W//G ~ Alt (£7), where Alt(L r ) 
denotes the set of skew-symmetric tensor products in U <g) U. Note that it is canonically 
isomorphic to {h G Horn ([/*, [/) | */i = — /i}. If ra < to, we have 

W7/G = Alt n (C/) := Alt(C/) n Det n (C/ <g> [/). 

2. Equivariant double fibration 

Let G and G' be connected linear algebraic groups over C which are reductive. Suppose 
that there exists a finite dimensional complex vector space W , on which G x G' acts 
linearly. We put 

X = W//G', with quotient map tp : W — > X, 
y = with quotient map ip :W —>Y. 

Then G naturally acts on X, and similarly, Y inherits an action of G' . By abuse of 
notation, we denote the image ip(0) (respectively i/)(0)) of G W simply by G X 
(respectively G Y). 

Definition 2.1. A G-orbit O C X is said to be nilpotent if O contains 0. The same 
definition applies to a G'-orbit O' C Y. 

Let Z = W//(G x G') be the affine quotient of W by G x G', which is naturally 
identified with X//G and Y//G' respectively. We denote the induced quotient maps by 
: X -> Z ~ X//G and y9 : F -> £ - *7/G'. 

Lemma 2.2. For a nilpotent G'-orbit O' C F, £/ie subset </?(*0 _1 (O / )) C X is a union of 
nilpotent G-orbits. 

Proof. Let O C X be a G-orbit. Then O is nilpotent if and only if ^o(O) = {0}, where 
G 2 is the image of G W. Thus, it is enough to show that the image of </?('0 _1 (O / )) 
under the map ipo is {0}. Since ipo o ip = ip o ifj, we have 

o ^(^(O 7 )) = v?o o ^(^"'(O 7 )) = ^(O 7 ) = {0}. 

□ 

Let DT = ?/> -1 (0) C be a mtZZ cone (or null fiber). Throughout this article, we assume 
the following. 

Assumption 2.3. (a) The quotient map : W — > F is flat. This means the regular 
function ring C[W] is flat over C[W] G . 

(b) There exists an open dense G-orbit Oq in 9t. 

(c) The null cone 9t is isomorphic to the scheme theoretic fiber W Xy {0} ; i.e., the fiber 
product W Xy {0} is reduced. 
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Few remarks are in order. If the action of G on W is cofree (i.e., C[W] is a graded 
free module over C[W] G ), then if) is flat. The cofree actions are classified by J. Schwarz 
[15]. The assumptions (jbj) and (jcj) imply that the null cone 91 ~ W x Y {0} is reduced 
and irreducible. The irreducibility follows from the assumption (jEJ). Moreover, if G is 
semisimple, the assumption (jb]) implies that W x Y {0} is reduced (see Korollar 2 in [7]), 
hence (jcj) holds automatically. 

Under these assumptions, we have 
Theorem 2.4. Take a G' -orbit O' in F. 

(1) T/ie scheme theoretic inverse image ip~ 1 (O r ) = If x^O' zs reduced and irreducible. 

(2) TTie inverse image ^ _1 (©') contains an open dense G x G' -orbit O, hence there is a 
G-orbit O in X such that ip{if>~ 1 (O 7 )) = O. We say t/ie G-orbit O is fi/ted /rom O', and 
denote it by O = 6>(Q'). 

(3) Tne lifting map 9 preserves the closure relation. If O' is a nilpotent G' -orbit, then 
O = 6(0') is also nilpotent. 

Proof. This theorem is a generalization of Theorems 2.5 and 2.10 in [10]. Note that the 
results in [10] are stated for nilpotent orbits, but actually they are valid for all kind of 
orbits. Hence, the proof is almost the same as in [10], but for convenience of the reader, 
we indicate the outline of the proof. 

First, we prove that the scheme theoretic fiber W x Y {y} is reduced for any y E Y. 
Then this will imply that W Xy Z is reduced for an arbitrary closed subvariety Z cY. 

In the terminology of commutative algebra, the claim that W x Y {y} is reduced is 
equivalent to that C[W] ®c[y] C y does not contain any non-zero nilpotent element, where 
<C y denotes the function ring on the one point set {y}. Note that we assume that 
C[W] <8>c[y] Co — C[9t] is an integral domain. Since C[W] <8>c[y] C y is a deformation 
of the homogeneous integral domain C[9T], it is also an integral domain. Thus we have 
proven W x Y {y} is reduced and irreducible. 

Next, we shall prove that the fiber ip^ 1 (y) contains a dense open G-orbit. Put M = 
^ _1 (y) and denote by M the asymptotic cone of M (see § 5.2 of [H] for the definition 
of asymptotic cones). Then, by the flatness of if), the asymptotic cone M coincides with 
the null cone 91. Let O y be a generic G-orbit in M. Consider the cone CM generated by 
M in W, then it is clear that the dimension of a generic orbit in CM is equal to dimO y , 
which in turn coincides with the dimension of the generic orbit in CM C W. Since 
91 = M C CM, the dimension of a generic orbit in 91 cannot exceed that of O y . Note 
that 9T has an open dense orbit by Assumption 12.31 fjbj) . This means that dim O y > dim 91. 
On the other hand, we have the equality dim M = dim M = dim 9t of dimensions, hence 
dim O y > dim M. Since O y C M, we conclude that dim O y = dim M, and that O y is an 
open dense orbit in M, by the irreducibility of M just proved above. 
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Since ip is G'-equivariant, we get ip 1 (0') — G' • ip 1 (y) for any y G O'. Note that 
ip~ l {y) contains an open dense G-orbit O y . Choose an arbitrary point w G O y , and we 
see the G x G'-orbit O = G'Gw is open dense in ^ _1 (0'). 

Since we assume that if} is flat, it is an open map by Ex. (III. 9.1) in [5j. Thus the 
equality ^(O') = nolds - Now we conclude that O = G<p(w) C ^(^(Q 7 )) is 

the open dense orbit which we want. 

The claim that the lifting map preserves the closure relation is obvious from the defi- 
nition of 9. Lemma [2.21 tells us that 9 preserves nilpotency. □ 

Corollary 2.5. Let O' be a G' -orbit m Y, and O = 0(Q') its lift. Then we have 



If C[W] is free over C[W] G ', we can write C[W] = H ® C[W] G ', where H is the space 
of G'-harmonic polynomials in C[W]. Then, the above corollary tells us that 



Note that, as a G'-module, TC is isomorphic to the regular function ring C[9t] of 9T. 

Let us denote by X/G the set of all G-orbits. Note that X/G may not be an algebraic 
variety, but only a topological space. 

In general, the lifting map 9 : Y/G' — ► X/G is not necessarily injective. Let us give a 
sufficient condition for the injectivity of 9. We denote 



Theorem 2.6. If, for any y G Y , the fiber ip 1 (y) intersects W° non-trivially, then the 
lifting map 9 :Y/G' — > X/G is injective. 

Proof. Let 0[ ^ 0' 2 be two different G'-orbits in Y, and denote = 0(O-) C X (i = 1, 2). 
Without loss of generality, we can assume that 0[ nO^ = 0. Then ^ _1 (Oi) n^ _1 (0^) = 
and, by the assumption, ^~ 1 (0' 1 ) contains a closed G'-orbit which is of the form <^ _1 (.x) 
for some x G X. This means that x G" (^(^^(Og)) = O2, while a; G <^(-?/'~ 1 (0 / 1 )) = Oi. 
Thus Oi 7^ O2 which proves the theorem. □ 

3. Double fibration related to the natural representations 

Here we give several examples which satisfy Assumption [231 These examples arise from 
the natural representations of various classical groups. 
To exclude trivial cases, we further assume the following. 

Assumption 3.1. (d) A generic fiber of the quotient map ip : W —>■ X is a single (hence 
closed) G'-orbit. 




c[o] ~ (n®c[Q')) 



X° = {x G X I ip l (x) consists of a single G'-orbit}, and 



W° = v-\x°) = ]J V -\x). 



(2.1) 
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(e) Put X° and W° as in (12. lft . For any y G Y , the fiber if> 1 {y) intersects W° non- 
trivially. 

Assumptions 12.3 1 and 13. ll assure that the lifting map 6 :Y/G' —>■ X/G is injective, and 
preserves the closure ordering. Also 6 lifts nilpotent orbits to nilpotent orbits. 

3.1. Tensor products. We first investigate examples satisfying Assumption 12.31 Let V 
be a finite dimensional representation of G, and U a finite dimensional vector space. Put 
W = V (g> U on which G acts naturally. 

Lemma 3.2. The quotient map if) : W = V ® U — > Y := W//G satisfies Assumption 
12.31 if the representation (G, V) and a vector space U are in Table [H Here we denote 
by Sym({7) {respectively Alt(Z7)) the set of symmetric {respectively alternating) tensor 
products in U ®U . In these cases, the action of G on W is cofree. 

Table 1. 



G 


V 


U 


Y 


0(n,C) 


C n (natural) 


2 dim U < n 


Sym(ET) 


Sp{2n, C) 


C 2n (natural) 


dim U <n 


A\t{U) 



Next, let us consider examples satisfying Assumption 13.11 (jd|), i.e., we need to check 
that a generic fiber of the quotient map is a single orbit. Let U be a finite dimensional 
representation of G' . Take an arbitrary finite dimensional vector space V and put W = 
V ® U as above. 

Lemma 3.3. The quotient map (p : W = V®U—>X = W//G' satisfies Assumption 
13.11 (Idl) if the representation (G f , U) and a vector space V are in Tabled For the notation 
of Sym m (\/), Alt m (V) and Qf{V), see gO and gH 

Table 2. 



G' 


U 


V 


X 


0{m, C) 


c m 


(natural) 


dim V > 1 


Sym m (\/) 


Sp{2m, C) 


c 2m 


(natural) 


dim V > 1 


Ait m (y) 


SL(m,C) 


c m 


(natural) 


dim V > m 





Combining these lemmas, we have the following 

Theorem 3.4. Let W = V <8> U be a representation of G x G' in Table [31 Here, for 
example, 0{n, C) <S> 0(m, C) means the tensor product of the natural representations of 
0{n,C) andO{m,C)- 
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Table 3. 



w 


condition 


X 


Y 


dual pair 


0(n, C)<g>0(m,C) 


2m < n 




Sym(C m ) 


(GL(n, R), GL{m, R)) 


0(n,C) ® 


Sp(2m, C) 


4m < n 


Alt 2m (C") 


Sym(C 2m ) 


(0(n, C),Sp(2m,C)) 


0(n, C)(8 


SX(m, C) 


2m < n 


GJ*(C) 


Sym(C m ) 


none 


Sp(2n, C) 


® 0(m,C) 


m < n 


Sym m (C 2 «) 


Alt(C m ) 


(Sp(2n,C),0(m,C)) 


Sp(2n, C) <i 


§ Sp(2m, C) 


2m < n 


Alt 2m (C 2 ™) 


Alt(C 2m ) 


(GL(n, H), GL(m, HI)) 


Sp{2n, C) C 


g>SL(m,C) 


m < n 


Gf (C 2n ) 


Alt(C m ) 


none 



T/ten t/ie double fibration by the affine quotient maps 

x = w//g' w f > wy/G = y 

satisfies Assumptions 12.31 and 13. 11 7n particular, a G' -orbit O' G Y is lifted to a G-orbit 
O C X, and i/ie lifting map 9 is infective. 

3.2. Contraction by the action of a general linear group. In this subsection, we 
consider the action of general linear groups. 

Lemma 3.5. Let V = C n 6e £/ie natural (or defining) representation of G = GL(n,C), 
and finite dimensional vector spaces. Put W = V © © V* © t/ - on which G acts 
naturally. Then the quotient map if) : W — > y = W//G satisfies Assumption 12.31 «/ and 
only i/dim[/ + + dim£/~ < dimy. In £/iis case, i/ie action of G on W is cofree and Y is 
naturally identified with U + © U~ . 

Lemma 3.6. Let U = C m be the natural representation of G' = GL(m, C), and V finite 
dimensional vector spaces. Put W = V + © U © V~ © U* on which G' acts naturally. 
Then the quotient map tp : W — > X = W//G' satisfies Assumption \3.1\ (Jd} if and only if 
dimy + = dimy - or dimV^ 1 > dimlf. The quotient space X is naturally identified with 
the determinantal variety Det m (y + © V~) of rank m = dimlf (see §1.2[) . 

Theorem 3.7. If W is one of the representations of G x G' which are listed in (CO)-© 
below, then the quotient maps 

X = W//G' W * > W//G = Y 

satisfy Assumptions 12.31 and 13. 11 In particular, a G' -orbit O' C Y is lifted to a G-orbit 
O C X , and the lifting map 6 is infective. 

(1) Let G = GL(n,C) and V = C n the natural representation of G. We put W = 
(V ©y*) © U for the natural representation U of G' in Table® The quotient space X is 
given in Table® and Y = U ®U . 
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Table 4. 



a 


condition 


X 


0(m,C) 


2m < n 


Sym m <y 6 




Sp(2m, C) 


4m < n 


Ait m (y © 




SL{m, C) 


2m < n 




V*) 



(2) Let G = GL(n, C) and \/ = C n t/ie natural representation of G. We put G' = 
G' + x G'_, and W = V ® U + © V* © /or £/ie natural representations U ± of G'± in 
Table [3J TTie quotient space X is given in Table [5] and Y = U + © U~ . 

Table 5. 



G' + 


G'_ 


condition 


X 


dual pair 


0( P} C) 

Sp(2p,C) 
0(p,C) 
SL(p, C) 


0(q,C) 
Sp(2q,C) 

Sp(2qX) 
SL(q, C) 


p + q < n 
2p + 2q < n 
P + 2q < n 

p + q < n 


Sy m P (^) 

Altap(V) 


© Sym g (y*) 
© Alt 2g (V*) 
© Alt 2? (l/*) 
x Gf(V*) 


(0(p,g),5p(2n,R)) 
(5p(2p, 2q),0*(2n)) 

none 

none 



(3) Let G' = GL(m,C) an d U = C m the natural representation of G' . We put W = 
V © (U © U*) for the natural representation V of G in Table® The quotient space Y is 
given in Table® and X = Det m (V © V). 





Table 6 






G 


condition 


Y 




0(n,C) 


Am < n 


Sym(£7 6 




Sp(2n, C) 


2m < n 


Mt(U © 


U*) 



(4) Let G' = GL(m,C) an d U = C m the natural representation of G' . We put G = 
G + x G_ ; and W = V + ® U © V~ © U* for the natural representations of G± in 
Table\7\ The quotient space Y is given in Tabled and X = Det m (V + © V - ). 

Table 7. 



G+ 


G_ 


condition 


Y 


dual pair 


0{r, C) 
Sp{2r, C) 
Q(r, C) 


0(s, C) 
Sp(2s, C) 
Sp(2s, C) 


2m < r,s 
m < r,s 
2m < r — 1, s 


Sym(C/) 
Alt(tf) 
Sym(U) 


© Sym(C/*) 
© Alt(C/*) 
©Alt(fT) 


(5p(2m,R),0(r,s)) 
(0*(2m),Sp(2r,2s)) 
none 
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(5) Let V = C n (respectively U = C m ) be the natural representation of G = GL(n,C) 
(respectively G' = GL(m, C)) and assume 2m < n. We put W = V®U*®V*®U. The 
quotient spaces are given by 

X = Bet m (V* (g) V) and Y = U*®U. 

The corresponding dual pair is (GL(m, C), GL(n, C)). 

(6) Let W = C p © C © (C p )* <g> (C s )* © (O)* © (C)* © C © C s fee a representation of 
GxG' with p + q<r,s, where G = GL(r, C) x GL(s, C) and G' = GL(p, C) x GL(q, C) . 
TTie quotient spaces are given by 

X = Det p (C r © (C s )*) x Det 9 ((C r )* © C s ) and 

y = c p © (c 9 )* © (c p )* © c q . 

The corresponding dual pair is (U(p, q), U(r, s)). 

4. Application to ©okovic-Sekiguchi-Zhao problem 

Recently, from the view point of the invariant theory, D. Z. ©okovic, J. Sekiguchi and 
K. Zhao J] are studying the SL(m, C)-action on M m (C) = C m © C m (see <^3>). The 
orbit structure of the action is also being studied by H. Ochiai. Here we resolve this action 
into two different ways, which fit our theory of the double fibration. 

4.1. Resolution via the contraction by the action of GL(n, C). Let G = GL(n,C) 
and V = C n the natural representation of G. We put W = (V © V"*) © U for the natural 
representation U = C m of G' = SL(m, C). In the following, we assume that 2m < n. 
Theorem 13.71 (pQ) tells us that the double fibration by the afline quotient maps 

x = w//g' w — ^— > w//g = y 

satisfies Assumptions 12.3 1 and 13. ll Here we only check Assumption 13. II (lej) . 

Lemma 4.1. For any y G Y, the fiber ip~ 1 (y) intersects a closed G' -orbit, which is 
precisely a fiber (p~ l (x) for some x G X . 

Proof. We identify W = V ®U ®V* ®U with the space of 2n x m- matrices M2 n , m - Then 
a non-zero w G Mm.m generates a closed G"-orbit if and only if ranku; = m. In fact, for 
any non-zero x G &^(U), we can prove that the fiber consists of a single G'-orbit, 

hence it is closed. Thus all non-closed orbits are contained in the null fiber yj _1 (0) which 
is characterized by ranku? < m. 

If we write w = (A, B) G M n m x M„ )m , the quotient map if) is given by 

if)(w) = l AB G M m (C) = y. 

Now it is elementary to verify that any fiber ip~ 1 (y) contains a full rank matrix w under 
the condition m < n. □ 
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It is easy to see that Y — U ® U ~ M m (C) inherits the SL(m, C)-action in Eq. (10. ip 
considered by Bokovic-Sekiguchi-Zhao [Tj, while X is isomorphic to G^(V © V*). Thus, 
an SL(m, C)-orbit O' C M n (C) is lifted to a GL(n, C)-orbit O = 9(0') C (V © V*). 
Moreover, the lifting map 

9 : M m (C)/SL(m, C) -> G^(V © V*)/GL{n, C) (4.1) 

is injective, and preserves the closure relation and nilpotency. 

As an example, we examine the simplest case, i.e., the lifting of the trivial orbit. 

Example 4.2. Let O 1 = 0({O}) be the lift of the trivial nilpotent orbit O' = {0} C Y. 
Then we have O 1 = %l//G'. Let us show that O 1 is a GL(n, C)-spherical variety with the 
normal closure in X = G^(V ®V*). 

To prove it, let us prepare some notations. We denote the set of partitions of length at 
most m by 

V m = {a = («i, . . . , a m ) G Z m | «!>•••> a m > 0}, 

which we identify with the subset of dominant weights of GL(m, C) as usual. The irre- 
ducible finite dimensional representation of GL(m, C) with highest weight a is denoted by 
Ta m \ and its contragredient t^* has the highest weight a* = (—a m , — a m _i, . . . , — cm), 
hence t^* = r^f 1 holds. For a, (3 G V m , we put 

a® (3= (a,0,...,0,/T) G Z n , 

which is a dominant weight of GL(n, C). 

Now let us return to the proof. We note that as a GL(n, C) x (GL(m, C) x GL(m, C))- 
module, 

For this, see Theorem 2.5.4 in [B] for example (note that the action of GL(m, C) in the 
second factor is the dual to that in [6]). Then the action of SL(m, C) is obtained by the 
restriction of the action of GL(m, C) x GL(m, C) to the diagonal subgroup ASL(m, C). 
Note that 

[T a * <8Tp* ) - Mom SL(m,C) (Ja > r /3* ) 

{C if a — P* = kl m for some k E Z, 
otherwise, 

where l m = (1, 1, . . . , 1) e Z m . Thus we have (r^ © r H)Si(m,c) ~ C if and only if 
a:? + flm-i+i = k (1 < i < m) for a fixed non-negative integer fc. From this, we obtain the 
decomposition of the regular function ring CfO 1 ] of the closure of the lifted orbit O 1 as a 
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representation of GL(n, 



~ CpI] 5L(m ' c) ~ ^® XT r S/3 move over P m ) (4.2) 

fc>0 a-/3*=kl m 

This shows that O 1 is a spherical variety, hence so is O 1 . As for the normality, 9t is known 
to be normal, and as a quotient of the normal variety, O 1 is also normal. 

4.2. Resolution via the action of the orthogonal and symplectic groups. We 

denote the natural representation of 0(p,C) by V + and that of Sp(2q,C) by V~ . We 
put G = G + x G- = 0(p,C) x Sp{2q,C) and W = (V + © V~) ® U for the natural 
representation U = C m of G' = SL(m, C). We assume that 2m < p, 2q + 1. By Theorem 
13.41 the double fibration by the afhne quotient maps 

X = W//G' W —^—^ W//G = Y 

satisfies Assumptions 12.31 and 13.11 Moreover, we have 

Y = Sym(tf) © A\t(U) ~ M m (C) 

with the SL(m, C)-action in Eq. (10 .11) . while X is isomorphic to G^(V + (BV~). Thus, an 
SL(m, C)-orbit O' c M„(C) is lifted to an 0(p, C) x Sp(2q, C)-orbit O C G^(V+ © 7"). 
Moreover, the lifting map 

6 : M m (C)/SL(m, C) -> G%(V + © V~)/0(V + ) x S'p(V-) (4.3) 

is injective and it preserves the closure relation and maps nilpotent orbits to nilpotent 
orbits. 

Thus, if we put p = 2q, then the orbit space M m (C)/SL(m, C) has two different em- 
beddings to the same affine Grassmanian cone G^f(V + © V~). One is treated in this 
subsection, and the other is explained in §4.11 
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